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Abstract

We will look at how to represent graphs as matrices, specifically using
the adjacency and incidence matrices. The Matrix-Tree Theorem will be
discussed, as well as how it can be used to enumerate the spanning trees
of a complete graph and a complete bipartite graph.

1 Background

1.1 Trees and Spanning Trees

The types of graphs we will focus on are trees and spanning trees. Note that
all graphs are assumed to be labeled. We will define a tree using the following
theorem.

Theorem 1. The following are equivalent for a connected simple graph G:

1. G is minimally connected (that is, if we remove any edge of G, then the
obtained graph G′ will not be connected).

2. G does not contain a cycle.

3. For each pair of vertices x and y, there is exactly one path joining x and
y.

If G is a connected simple graph that satisfies any one of the criteria above,
then G is called a tree.

Figure 1: Not a Tree. Figure 2: Tree.
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In Figure 1, the graph is not a tree because it is not minimally connected,
it contains a cycle, and there are multiple paths between vertices. The graph
in Figure 2 is a tree because it is minimally connected, contains no cycles, and
there is only one path between any two vertices. We have another theorem to
help determine if a particular graph is a tree.

Theorem 2. All trees on n vertices have n−1 edges. Conversely, all connected
graphs on n vertices with exactly n− 1 edges are trees.

We will prove the first part of the theorem, that all trees on n vertices have
n− 1 edges.

Proof. We will prove by induction. For the base case, let n=1. A tree on 1
vertex will have 0 edges, so the base case holds. Now suppose that there is some
integer k ≥ 2 such that every tree on k vertices has k − 1 edges. We will show
that all trees on k+ 1 vertices have k edges. Let T be a tree with k+ 1 vertices.
Note that any non-trivial tree has at least one vertex of degree 1. Let v be a
vertex of degree 1 in T . Consider the tree T ′ obtained by removing v from T .
T ′ has (k + 1) − 1 = k vertices, so by our induction hypothesis, T ′ has k − 1
edges. Since v was of degree 1 in T , T has one more edge than T ′. So T has
(k−1)+1 = k edges, completing the induction step. Thus all trees on n vertices
have n− 1 edges. �

Figure 3: Tree.

In Figure 3, we see that the graph is connected with 4 vertices and 3 edges.
By theorem 2, the graph is a tree.

If G is a connected graph, we say that T is a spanning tree of G if G and
T have the same vertex set and each edge of T is also an edge of G.

Figure 4: Graph G. Figure 5: Graph T .

Figure 4 shows a connected graph G. Now, in Figure 5, we see that the
graph T has the same vertex set as G and every edge of T is present in G. Note
also that T itself is a tree. Therefore, T is a spanning tree of G.
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1.2 Adjacency and Incidence Matrix

There are multiple ways to express graphs as trees. One of the most common
methods is using the adjacency matrix. Let G be an undirected graph on n
labeled vertices, and define an n × n matrix A by setting Ai,j equal to the
number of edges between vertices i and j. The matrix A is called the adjacency
matrix of G.

Figure 6: Graph G Figure 7: Adjacency Matrix A

Figure 6 gives us an undirected graph G on 4 vertices. Its adjacency matrix
A (Figure 7) will then be a 4× 4 matrix.

Another matrix used to represent graphs is the incidence matrix. Let G be
a directed graph without loops. Let {v1, v2, . . . , vn} denote the vertices of G,
and let {e1, e2, . . . , em} denote the edges of G. The incidence matrix of G is
the n×m matrix A defined by

• ai,j = 1 if vi is the head of ej ,

• ai,j = −1 if vi is the tail of ej , and

• ai,j = 0 otherwise.

Figure 8: Graph G Figure 9: Incidence Matrix A

Figure 8 shows a directed graph G with 4 vertices and 4 edges. Its associated
incidence matrix will be size 4× 4 (Figure 9).

2 Matrix-Tree Theorem

Spanning trees have several practical applications. They can be used to better
understand and analyze large networks such as telephone lines, cable, and roads
connecting cities. Sometimes it might be useful to know the number of spanning
trees of a particular graph since this represents a minimally connected network.
If we have a directed graph, then we only need to know its incidence matrix.

3



Theorem 3. Let G be a directed graph without loops, and let A be the incidence
matrix of G. Remove any row from A, and let A0 be the remaining matrix. The
number of spanning trees of G is detA0A

T
0 .

Proof. Assume, without loss of generality, that the last row of A is removed to
form A0. Let B be an (n−1)× (n−1) submatrix of A0, and let G′ be the graph
corresponding to the columns of B. As an example, let Figure 10 below be G.

Figure 10: Graph G.

Then the corresponding incidence matrix A for G and A0, formed by remov-
ing the last row of A, are found in Figures 11 and 12.

Figure 11: Incidence Matrix A. Figure 12: Matrix A0.

Now we will form B, a submatrix of A0. Since n = 4, B will be a 3 × 3
matrix. One possibility for B is removing the last column of A0 (Figure 13).
Then G′ is the graph corresponding to the columns of B (Figure 14).

Figure 13: Matrix B. Figure 14: Graph G′.

Because we are trying to count the number of spanning trees, we will show
that |detB| = 1 if and only if G′ is a spanning tree of G, and detB = 0 otherwise.
We will use cases.

1. Assume there is a vertex vi (i 6= n) of degree one in G′. In the ith row
of B, every entry will be 0 except for one. This nonzero entry will either
be 1 or −1. In Figure 14, vertex 2 (2 6= 4) is of degree one, and in Figure
13, the second row of B has only one nonzero entry. If we expand detB
by this row and use induction, we know |detB| = 1. Essentially, if G′ is a
spanning tree of G, G′ − vi must also be a spanning tree of G− vi. From
Figures 10 and 14, we can see that G′ is a spanning tree of G.
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Figure 15: G− v2. Figure 16: G′ − v2.

Figures 15 and 16 above show that G′ − v2 is a spanning tree of G− v2.

2. Assume that G′ has no vertex of degree one. Suppose then that our
matrix B was formed by removing the first column of A0 (Figure 17).
The resulting graph G′ would not have a vertex of degree one (Figure 18).

Figure 17: Matrix B. Figure 18: Graph G′.

Since there is no vertex of degree one, G′ is not a tree and, therefore, not
a spanning tree. Because B is size (n− 1)× (n− 1), we know G′ has n− 1
edges. Since G′ is not a spanning tree and has n− 1 edges, there must be
a vertex of degree zero. If this vertex is not vn, like in Figure 18, then B
has a zero row, and detB = 0. If the vertex of degree zero is vn, then the
rows of B are linearly dependent, and detB = 0.

So |detB| = 1 if G′ is a spanning tree of G and detB = 0 otherwise. By
the Binet-Cauchy formula, detA0A

T
0 =

∑
(detB)2 where the sum ranges over

all possible (n− 1)× (n− 1) submatrices B of A0. By adding (detB)2 over all
possible B, we are counting the number of spanning trees since (detB)2 is 0 or
1. Thus the number of spanning trees of G is detA0A

T
0 .

�

To find the number of spanning trees for an undirected graph, we use the
Matrix-Tree Theorem.

Theorem 4 (Matrix-Tree Theorem). Let U be a simple undirected graph. Let
{v1, v2, . . . , vn} be the vertices of U . Define the (n− 1)× (n− 1) matrix L0 by

li,j =

 the degree of vi if i = j
−1 if i 6= j, and vi and vj are connected, and
0 otherwise.

The graph U has exactly detL0 spanning trees.
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Proof. Convert the graph U into a directed graph G by replacing each edge in
U with a pair of directed edges, one going in each direction. We will use the
example shown in Figures 19 and 20 throughout this proof.

Figure 19: Graph U . Figure 20: Graph G.

Let L0 be the matrix associated with U as defined in the theorem statement
and A0 be the incidence matrix of G with the last row removed (Figures 21 and
22).

Figure 21: Matrix L0. Figure 22: Matrix A0 of G.

Note that AT
0 and A0A

T
0 are shown in Figures 23 and 24 respectively.

Figure 23: Matrix AT
0 . Figure 24: Matrix A0A

T
0 .

We will show that A0A
T
0 = 2L0. Note that the entry of A0A

T
0 in position

(i, j) is the scalar product of the ith and jth row of A0. We will now use cases.

1. Assume i = j. Every edge that starts or ends at vi contributes 1 to the
inner product of A0A

T
0 . This occurs because we multiply the ith row by

the ith row of A0, so we will only have (−1)× (−1), 1× 1, or 0× 0. When
we sum these, we essentially count the number of edges at vi. The entry
in position (i, i) is the degree of vi in G, which is twice the degree of vi in
U .

2. Assume i 6= j. Every edge that connects vi and vj contributes −1 to the
inner product of A0A

T
0 . This occurs because we are multiplying the ith

row with the jth row of A0, so we will only have 1×−1, −1× 1, or 0. We
get −1 where there is an edge between vi and vj . In G, there will be 2 of
these, so we get −2. Note that this is 2(−1), and −1 represents an edge
between vi and vj in U .
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Therefore, A0A
T
0 = 2L0. Now,

det(2L0) = det(A0A
T
0 )

2n−1detL0 = det(A0A
T
0 ) (by a property of determinants), and

detL0 =
det(A0A

T
0 )

2n−1
.

From Theorem 3, we know that A0A
T
0 is the number of spanning trees of G, our

directed graph. However, we want the number of spanning trees of an undirected
graph, U . By dividing by 2n−1, we are accounting for how each spanning tree
of U can be turned into 2n−1 spanning trees of G since each of the n− 1 edges
can go in 2 directions. Thus U has exactly detL0 spanning trees. �

3 Complete and Complete Bipartite Graphs

3.1 Complete Graphs

A complete graph, Kn, is a simple undirected graph with n vertices and an
edge between every two vertices. We will use the Matrix-Tree Theorem to find
the number of spanning trees of Kn.

Proposition. The number of spanning trees of Kn is nn−2.

Proof. First we will find the matrix L0 associated with Kn as defined by the
Matrix-Tree Theorem (Figure 25). Note that L0 is size n− 1× n− 1.


n− 1 −1 . . . −1
−1 n− 1 . . . −1
...
−1 −1 . . . n− 1


Figure 25: Matrix L0.

The diagonal entries are the degree of each vertex. This is n− 1 since there are
n vertices and each vertex is connected to every other vertex. All other entries
are −1 since the graph is complete. From the Matrix-Tree Theorem, we know
that the number of spanning trees of Kn is detL0. It will be helpful to write L0

in upper triangular form. First we will add all rows to the first row (Figure 26).


1 1 . . . 1
−1 n− 1 . . . −1
...
−1 −1 . . . n− 1


Figure 26: Matrix L0.
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So we have added (n − 2) −1′s to n − 1, giving us a row of 1′s. Now we will
add the first row to the other n− 2 rows (Figure 27).


1 1 . . . 1
0 n . . . 0
...
0 0 . . . n


Figure 27: Matrix L0.

Now that we have an upper triangular matrix, we can find the determinant
by multiplying the diagonal entries. So

detL0 = 1× n× · · · × n

= nn−2

since there are n−2 rows with n as the diagonal entry and one row with 1 as the
diagonal entry (a total of n − 1 rows). Thus there are detL0 = nn−2 spanning
trees of Kn. �

Note that this is a proof of Cayley’s Theorem which states that for any
positive integer n, the number of all trees with vertex set [n] is An = nn−2.
This makes sense because finding the number of spanning trees of a complete
graph on n vertices is the same as finding all trees on n vertices. Since the graph
is complete, we can choose from any possible edge.

3.2 Complete Bipartite Graphs

Now we will look at complete bipartite graphs. Let A be a set of m vertices and
B be a set of n vertices. Connect each vertex of A to each vertex of B by an
edge. Denote the graph by Km,n. Then the graph Km,n is called a complete
bipartite graph. Note there are no edges within A or within B. We will use
the Matrix-Tree Theorem to find the number of spanning trees of Km,n.

Proposition. The number of spanning trees of Km,n is nm−1mn−1.

Proof. First we will find the matrix L0 associated with Km,n as defined by the
Matrix-Tree Theorem (Figure 28). Note that the matrix is size (m + n − 1) ×
(m+n− 1). We will assume that the last vertex in B was removed to form the
matrix.



n . . . 0 −1 . . . −1
. . .
0 . . . n −1 . . . −1
−1 . . . −1 m . . . 0
...
−1 . . . −1 0 . . . m
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Figure 28: Matrix L0.

Assume that the matrix first looks at vertices in A and then vertices in B.
In the upper left corner, the diagonal entries are n because each vertex in A is
connected to the n vertices of B, so they have degree n. The other entries are
0 because vertices in A are not connected to each other. The upper right and
lower left corners have entries of −1 because the vertices of A are connected
to vertices in B. In the lower right corner, the diagonal entries are m because
each vertex in B is connected to all of the m vertices in A, so they have degree
m. The other entries are 0 because vertices in B are not connected to each
other. As with the complete graph Kn, we want to get the matrix L0 into
upper triangular form. Again we will add all rows to the first row (Figure 29).


1 . . . 1 0 . . . 0
. . .
0 . . . n −1 . . . −1
−1 . . . −1 m . . . 0
. . .
−1 . . . −1 0 . . . m


Figure 29: Matrix L0.

In the first row, the left entries are 1 because we added

n + (n− 1)(−1) = n + 1− n (since there are n-1 rows of -1)

= 1.

The right entries are 0 because we added

(−1)(m) + m = −m + m (since there are m rows of -1)

= 0.

Now we will add the first row to every other row (Figure 30).


1 . . . 1 0 . . . 0
. . .
0 . . . n −1 . . . −1
0 . . . 0 m . . . 0
. . .
0 . . . 0 0 . . . m


Figure 30: Matrix L0.
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Now that we have an upper triangular matrix, we can find the determinant by
multiplying the diagonal entries. So,

detL0 = 1× n× n× · · · × n×m×m× · · · ×m

= nm−1mn−1

since there are m− 1 rows with diagonal entry n and n− 1 rows with diagonal
entry m. Thus there are detL0 = nm−1mn−1 spanning trees of Km,n. �
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